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Abstract 

Generalising the notion of Galois corings, Galois comodules were introduced as co- 
modules P over an yl-coring C for which Pa is finitely generated and projective and 
the evaluation map /xc : Horn'' (P,C) Cg)s P ^ C is an isomorphism (of corings) where 
S' = End'^(P). It was observed that for such comodules the functors HomA(P, — ) (8is P 
and — Cg)A C from the category of right ^-modules to the category of right C-comodules 
are isomorphic. In this note we call modules P with this property Galois comodules with- 
out requiring Pa to be finitely generated and projective. This generalises the old notion 
with this name but we show that essential properties and relationships are maintained. 
These comodules are close to being generators and have some common properties with 
tilting (co)modules. Some of our results also apply to generalised Hopf Galois (coalgebra 
Galois) extensions. 
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1 Introduction 

Let C be a coring over the ring A and put S — End'' (A). A grouplike element g € C makes 
A a right C-comodule by the coaction g"^ : A ^ A ®a C, a i-^ 1 ^ ga. The notion of Galois 
corings {C,g) was introduced in Brzezihski |2] by requiring the canonical map, 

X : A ®5 yl — > C, a® a' aga' , 

to be an isomorphism (of corings). It was pointed out in (13) that this can be seen as the 
evaluation map 

PLC : Honi'^(Ag,C) ®sA^C, 
and that it imphcs bijectivity of 

iiN ■■ MovcP{Ag, N)®s N, 

for every (C, A)-injective comodule N. 

The notion of Galois corings was extended to comodules by El Kaoutit and Gomez- 
Torrecillas in pi, where to any bimodule sPa with Pa finitely generated and projective, a 
coring P* (®s P was associated and it was shown that the canonical map 

fLA ■■ HouiAiP, A)(S)sP ->C 

is a coring morphism provided P is also a right C-comodule and S = End''(P). In ^ 18.25] 
such comodules P were termed Galois comodules provided ftA was bijective, and it was proved 
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in 01 18.26] that this condition imphcs that the functors Honi^(P, — ) ®s P and — (E)a C from 
the right A-modules to the right C-coniodules are isomorphic. 

In a recent paper 3 , Brzezihski further investigated these Galois comodules and pointed 
out their relevance for descent theory, vector bundles, and non- commutative geometry. Re- 
lated questions are, for example, also considered by Caenepeel, De Groot and Vercruysse in 
|S] . In this note we concentrate on comodule properties and we want to free the notion from 
the condition that P4 has to be finitely generated and projective. This is done by taking 
the above mentioned isomorphism of functors as definition. Although some symmetry is lost 
those properties which to us seem to be essential, are preserved. From this point of view 
Galois comodules are somehow similar to tilting (co)modules, or modules AI for which all 
M-generated modules are M-static: they all share the property that they are generators in 
their respective categories provided they are flat over their endomorphism rings. Hence the 
presentation is partly motivated by the papers ^2 ^] on tilting and static modules. Some 
results from T and are obtained in a more general setting fe.g.. l5.lUI I5.8|l . 

Relative injectivity of comodules is of special interest in the context of our investigations 
and leads to category equivalences. In particular, a strongly (C, A)-injective (equivariantly 
injective) Galois comodule P that is finitely generated and projective as A-module, induces 
an equivalence between the category of comodules and the End''(P)-modules fsee l5.7|l . 

Given a commutative ring R, an entwining structure {A, C, ^) consists of an i?-algebra A, 
an i?-coalgebra C , and an i?-linear map ip : C®rA A^rC satisfying certain compatibility 
conditions which ensure that A 0^ C allows for an A-coring structure (see j2 Section 32]). 
If A is a right A C-comodule (equivalently, there exists a grouplike element in A C) , 
then Hom'^®'^^(A, A®rC) ~ A and A is a Galois A ®r C-comodule if and only if A is a 
C-Galois extension over 'EndA® "'^ {A) = A'^°^ (see 0J 34.10]). Hence a number of results on 
generalised Hopf Galois (coalgebra Galois) extensions in Schauenburg-Schneider can be 
seen as special cases of our results fsee lS.lUll . 

The symmetry for Galois comodules that are finitely generated and projective v4-modules 
mentioned above can be maintained for comodules which are direct sums of comodules of 
this type. In this context the infinite comatrix corings, as introduced by El Kaoutit and 
Gomez Torrecillas in [J], find a natural application (Section 6). 

2 Preliminaries 

Throughout we will essentially follow the notation in |4j. For convenience we recall some 
basic notions. 

2.1. Corings. Let A be an associative ring with unit and C an A-coring with coproduct 
and counit 

A:C ^C(g)AC, e:C-^A. 

Associated to this there are the right and left dual rings C* = Homyi(C,A) and *C = 
^Hom(C,yl) with the convolution products. 

2.2. Comodules. A right A- module M is a right C-comodule provided there is an A-linear 
C-coaction 

: M M ®A C, written as g'"' {m) = ^ toq ® r7i]_ for 771 e M, 

satisfying the coassociativity and counital condition. 

We denote the category of right A- modules by and the category of right C-comodules 
by M''. The corresponding left versions are denoted by and ^M, respectively. The 
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category M'' is additive, has coproducts and cokernels, and epimorphims are surjective maps. 
The functor — (gj^C : M'' is right adjoint to the forgetful functor by the isomorphisms, 

for M e M'^, X G M^, 

ip : Hom'^(A//, X ^aC) ^ Hom^lM, X), / (/x ® e) o /, 

with inverse map h i-^ {h^ Ic) o g*^- 

Notice that for any monomorphism (injective map) f : X —> Y in M^, the cohnear map 
f ® Iq ■ X ®A C ^ Y ®A C is a monomorphism in M'' but need not be injective. In case 
aC is flat, monomorphisms in M'' are injective maps and in this case M'' is a Grothendieck 
category (see gl 18.14]). 

2.3. The subcategory ct[M]. Let M G M''. Homomorphic images of direct sums of 
copies of M are called M -generated comodules. The full subcategory of M'', whose objects 
are subcomodules K of M-generated comodules N (i.e. there is an injective colinear map 
K N), is denoted by (t[M]. Notice that this does not imply that morphisms in cr[Af] have 
kernels unless aC is flat. 

Cokernels of morphisms ' M^^\ with any sets A', A, are called M -presented 
comodules. Notice that the image of the functor — ®5 M : M5 — > M'' lies in a[M], in fact, 
comodules of the form X (§5 M with X G M5 are M-presented. 

2.4. The a-condition. Defining the convolution product on *C = ^Hom(C,A) as in |^, 
any right C-comodule {M, g^'^) allows a left *C-module structure by putting f^m — [Im ® 
/) o g'^'{m), for any f € *C, m G M. This yields a faithful functor $ : M'^ -cM which is 
a full embedding if and only if the map 

aK ■■ K (E)aC ^ RouiaCC, K), n®c^ [f ^ n/(c)], 

is injective for any K G M^. This holds if and only if aC is locally projective and is called 
left a-condition on C. In this case M'' can be identified with cr[*cC], the full subcategory of 
• cM whose objects are subgenerated by C. 

Symmetrically the right a-condition is defined and if it holds ''M can be identified with 
the category it[Cc»] where C* — IIomyi(C, A). 

2.5. Morphism groups. The comodule morphisms between M,N G M'' is characterised 
by the exact sequence of Z-modules 

^ Hom'^(M, N) UouiAiM, N) HomA(Af, N 0a C), 

where -/if) ^ ° f ~ [f ® k) o Q^' 

2.6. Cotensor product. For two comodules M G ''M and L G ''M the cotensor product 
is define by the exact sequence of Z-moduls 

^ M(g)'^ L *- M (g)A N ^ M C i 

where llIm,l = fi**^ ® II- hi ®^Q- 

2.7. Ma finitely generated projective. Let M G M'' such that Ma is finitely generated 
and projective. Then for M* = Mom a{M, A) the map 

if : C ®aM* -^YIouya{M,C), c®ti^c®h{-) 
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is an isomorphism and induces a left C-comodule structure on M* (see 01 19.19]). With a 
dual basis mi, . . . , to„ S M, tti, . . . , 7r„ g M* , the the inverse map of ip is given by sending 
g G M* to J2i 9{iTT-i) ® TTi, and the coaction on M* is 

There is a canonical anti-isomor phism between '^End(Af *) and S = End'^(Af) and by this 
M* is a right 5-module. 

For any N £ M'', there exists an isomorphism (natural in M) 

N M* ^ Hom'^(M, N). 

This follows from the proof of |1| 10.11]: With the defining sequences for Hom'' and ®^ 
we have the commutative diagram with exact rows 

^ N (g)'^ M* ^ N M* ' ^ TV (g)A C «)A M* 

I 

I ~ ~ 

Y \ 

^ Hom'^(Af, N) ^ HomA(A/, N) Hom^(M, N(g)AC), 

where ujn,M' = <Xi /m* — In(^ Qm* and 7(/) :— ° f —{f ®Ic)° Q^'^ ■ From this diagram 
lemmata imply the existence and bijectivity of the required morphism. 

Notice that this isomorphism is also proved in '3', Proposition 4] . 

2.8. Cointegrals. An [A, A)-bilinear map S : C (E)a C ^ C is called a cointegral in C if 

{Ic (g) (5) o (A ® Ic) ((5 ® Ic) o {Ic ® A). 

Cointegrals are characterised by the fact that for any M E M'', the map 

VM = {Im <E)S)o [q^' ® Ic) : M ®aC ^ M 

is a comodule morphism, or by the corresponding property for left C-comodules. 

This follows from the proof of 3.29]. In '5', Section 5] these maps are related to the 
counit for the adjoint pair of functors — ®a C and the forgetful functor. For i?-coalgebras C 
over a commutative ring R with Cr locally projective, a cointegral is precisely a C*-balanced 
_R-linear map C ®r,C ^ R (e.g., 11 6.4]). 

2.9. Relative injectivity. Let M be a right C-comodule and S = End'^(M). 

M is {C, A)-injective provided the structure map g^^ : M ^ M (S)a C is split by a C- 
morphism \ : M ®aC ^ M . 

We call M strongly {C, A)-injective if this A is C-colinear and S'-linear. Given a subring 
B Q S, M is said to be B-strongly {C, A)-injectwe if A is C-colinear and i?-linear. 

We call M fully (C, A)-injective if there exists a cointegral Sm '■ C ®a C ^ C such that 
is split by {Im ® Sm) o (p*^ ®Ic)- 

The notions for left C-comodules are defined symmetrically. 

Obviously fully (C, A)-injective are strongly (C, y4)-injective. and for a B-strongly (C, A)- 
injective comodule M and any X E Mb, X (E)b M is (C, yl)-injective. 

For coalgebras _B-strongly (C, ^)-injective comodules are named B-equivariantly C-injective 
(see IHl Definition 5.1]). Cointegrals S making M fully (C, A)-injective are said to be M- 
normalized in Proposition 5.1]. 

The fact that under projectivity conditions comodule properties may be considered as 
module properties has the following implication. 
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2.10. C strongly (C, A)-injective. Assume Ca to be locally projective. Then the following 
are equivalent: 

(a) C is strongly (C, A)- infective ; 

(b) C is a coseparable coring. 

Proof. One implication is obvious. Recall that End''(C) 2± C* and assume C to be 
strongly (C, A)-injective with a C*-splitting right C-colinear map v : C C ^ C. By the 
right a-condition this means that is also left C-colinear and hence C is coseparable. □ 

2.11. Properties of fully (C, A)-injective comodules. Let M e M'^ with S = End'^(A/). 

(1) M is fully (C, A)-injective if and only if 

{Im ® Sm) o g^^ = Im where 5m ~ 6m o IS. : C ^ A. 

(2) C is a fully (C, A)-injective left (right) comodule if and only if C is a coseparable coring. 

(3) Let M be fully {C, A)-injective. Then: 

(i) Every comodule in a[M] is fully (C, A)-injective. 

(ii) // M is a subgenerator in M'' then C is a coseparable coring. 

(iii) For any subring B C S and X Cz M.b, X ®b M is fully (C, A)-injective. 

(iv) If Ma is finitely generated and projective, then M* is a fully {C, A)-injective left 
C- comodule. 

Proof. (1) The assertion follows from the equalities 

{Im <E> 6m) o g^^ = {hi ® Sm) o {g^' ® Ic) o = hi. 

(2) This is shown in ^ 26.1]. In this case 6c — £■ 

(3) (i) Obviously any direct sum M^^^ is fully (C, A)-injective. For every C-comodule 
epimorphism f : M N and m ^ M , 

{In ® 5M){f{m)o(g)f{m)i) = {In <E) (5m)(./(™o) <E) mi) = f{mo6M{mi)) = f{m). 

This proves that factor comodules of M are fully (C, A)-injective. For subcomodules similar 
arguments apply. 

(ii) This follows from (2) and (3)(i). 

(iv) With the dual basis (m^, tt^) for M, the coaction of C on 5 e M* is given by g^^ {g) — 
Yji{9 ® Ic)g^'Hm,) ® TTj, and 

Y.i{^M'»lM*){g{mio)mti(»ni) = J2i 9{miQ6M {mii)) = 5'("^^) ® tt^ = g, 

proving that M* is a fully (C, ^)-injective comodule. This isomorphism is also proved in [S] 
Proposition 5]. □ 

2.12. Splitting of Hom- and (g)-sequences. 

(1) Let M G M'^, B C End'^(M) a subring, and assume M to be B-strongly {C,AC)- 
injective. Then for any N G M'', the sequence 

^ M®^ L ^ M ®aL M ®aC®aL 

is splitting in sM, and for any L G ''M the sequence 

^ Hom'^(7V, M) ^ HomA(A^, M) — ^ HomA(A^, M ®a C) 

is also splitting in sM. 
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(2) Let L e ^M, D C CEnd(L) a subring, and assume L to he D-strongly (C, A)-injective. 
Then for any M G M'', the sequence 

^ M(g)'^ L ^ M ®aL ^ M ®aC®aL 

is splitting in M.d, cind for any K G '-'M, the sequence 

^ CHom(X, L) ^ HoniA (K, L) Hom^ {K,C(E)a L) 

is also splitting in M/j. 

Proof. (1) Let v : M ®a C M be a comodule splitting of g^'^ . 
As in the proof of 0] 21.5] (4) it is easy to see that 

= (g) o {Im g^) : M ®aN M ^'^ N 

is an End'' (L)-linear retraction. If v is i?-linear then obviously /3 is a i?-linear retraction and 
the proof of [1 21.5](4) applies. 

For the second sequence we can follow the proof of 3.18]. The inclusion is split by 

UomAiN, M) Hom'^(7V, M) : f ^ v o {f ® Ic) o g^ , 

and 7 is split modulo Hom'' {N, M) by 

Hom^ [N, M ®A C) UoniA iN,M), g^vog. 

This is clearly a right End''(iV)-linear splitting. If v is _B-linear, the splitting maps are also 
left i3-linear. 

(2) The assertions can be seen by symmetry. □ 
For convenience we list some 

2.13. Associativity conditions for the cotensor product. Consider two comodules 
M e M'^ and L G '^M. 

(1) For a subring B C End'^(Af) and X G Mb, 

X (®B (M ®'^ L) ~ {X ®B M) ®'^ L 

provided that (i) X is a fiat B-module, or 

(ii) — L is right exact or L is (C, A)-injective, or 

(iii) M is B -strongly (C, A) -injective. 

(2) For a subring D C '^End(L) and Y G dM, 

M®'^ {L®dY)^ [M ®^ L) ®D Y 

provided that (i) Y is a fiat D -module, or 

(ii) M ®^ — is a right exact or M is {C, A)-injective, or 

(iii) L is B-strongly {C, A)-injective. 

Proof. The conditions (i),(ii) are sufficient to imply the assertion by 0] 21.4 and 21.5]. 
The sufficiency of (iii) follows from 12.121 □ 
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2.14. Hom-tensor relation. For M e M'^, L e '^M a suhring B C End'^(Af) and any 
right B-module X , there is a map 

tpx : X ^Bilom^{N,M) Rom'^ {N , X b M) , h <S> x ^ x h{-), 

and this is an isomorphism provided 

(i) X is a flat B-module and Na is finitely presented, or 

(ii) M is B-strongly (C, A)-injective and Na is finitely generated and projective, or 

(iii) N is projective in M'' and Na is finitely generated. 

Proof. Consider tlic commutative diagram with canonical maps 

^ X (^B Hom'^(iV, M) ^ X®B HomA(iV, M) ^ X ®b Hom^(iV, M (g)AC) 

I 
I 

V 



0- 



Hom^ {N, X®bM) 



■ RomA{N,X (g)B M) 



■ HomA(A^, X (g)B M (g)AC), 



where the bottom sequence is exact. If (i) holds then the top sequence is also exact, and by 
12.121 this is also true if two holds. In both cases the two right vertical maps are isomorphisms 
and hence the first one is also an isomorphism. 

Now assume (iii) and consider an exact sequence Fi — > F2 — > X — > in where Fi, F2 
are free B-modules. With — i^b M and IIom''(iV, — ) we construct the commutative diagram 
with exact rows 

Fi(g,B }iom^{N,M) - 



Roiif{N,Fi (g)B M) 



F2 (g)B Ro-af{N,M) 
YLoiif{N,F2®BM) 



X ®BRon-f{N,M) 
YLom^{N,X ®B M) 



■0 



where ipPi and '0^2 are isomorphisms (since IIom''(iV, — ) commutes with direct sums) and 
hence il)x is an isomorphism. 

Notice that projectivity of the comodule N implies projectivity of Na (see ^ 18.20]). 
Hence IIom'^(A^, Af) ~ M (g)^ N* and N* is coflat. So the assertion also follows from 

irnr ivin. □ 



3 Adjoint functors and static comodules 

3.1. Adjoint pair of functors. For any right C-comodulc P with endomorphism ring 
S = End'^(P), the functors (see jli 18.21]) 

-(8)sP:Ms-^M'^, Hom'^(P,-) : M"^ ^ Ms, 

form an adjoint pair by the functorial isomorphism (for N G M'' and X G M5), 

}lonf{X®sP,N) Homs(X,Hom^(P,7V)), g ^ [x ^ g{x ® -)] , 

with inverse map h^-^ [x ®pi—* h{x)(j)y\. Counit and unit of this adjunction are given by 

Mjv : Hom'^(F, N)®sP^N, f®p^ f{p), 
vx ■■ X ^ IIom'^(P, X ®sP), xi^[p^ x®p], 



7 



and each of the foUowing compositions of maps yield the identity, 

P I'Homfp.JV) p p Hom(P./Jiv) p 

Hom'^(P, N) *- Hom'^(P, Hom'^(P, N) ®s P) ^ Hom'^(P, TV), 

X^sP : Hom^(F,X0sF)0^P """" ^ X P- 

A C-comodule N is called P -static if /i^r is an isomorphism, and an 5- module X is called 
P-adstatic if vx is an isomorphism. Cleary P is P-static and this is also true for direct sums 
of copies of P since, for any index set A, 

^P(A) : Hom^ (P, P(^) )(S)sP^P^'^\ 

is a comodule isomorphism with inverse map {p\)a ^ X^a ® Px-i where and nx denote 
the canonical inclusions and projections of the coproduct P^^\ 

3.2. Pji finitely generated and projective. Let P G M'' with Pa finitely generated and 
projective and S = End'^(P). 

(1) For any N eM.'^ , Hom'^(P, N) ~ N ®^ P* , in particular S ^ P ®^ P* . 

(2) A module X G M5 is P-adstatic, provided 

{X ®s P) (g)'^ P* ~ A ®s (P (g)'^ P*). 

(3) (i) Every flat X G M5 is P-adstatic. 

(ii) If P* is coflat or (C, A)-injective, or P is strongly {C, A)- infective, then every 
A G M5 is P-adstatic. 

(4) For a subring B <Z S and 1" G M^, 

Hom'^(P, Y ®bP)'^Y ®B S 

provided Yb is flat, or P is B-strongly (C, A)-injective, or P* is coflat or {C,A)- 
injective. 

Proof. (1) This is shown by the proof of 4, 21.8]. 

(2) Recall that A G M5 is P-adstatic ii ■ X ^ Hom''(P, A 05 P) is an isomorphism. 
Under the given condition, (1) implies 

Hom^(P, X (g)s P) - X ®s {P ®^ P*) ^ X. 

(3) As shown in l2.13l each of the conditions implies the isomorphism required. 

(4) From (1) we get Rouf{P,Y(g)B P) ~ (F ®s P) (g)^ P*, and by EH! under each of 
the conditions required, 

{Y (E)B P)(E)^ P* ®B {P '^'^ P*)-Y®B S. 

□ 

3.3. P as generator in M''. Recall that P is a generator in M'' if and only if the functor 
Hom''(P, — ) : M'' M5 is faithful and that faithful functors reflect epimorphisms (e.g. [3 
11.3]). Since, for any A^ G M'^, 

Hom'^(P, /ijv) : Hom'^(P, Hom'^(P, A^) ®s P) ^ Hom'^(P, A^) 
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is an epimorphism (surjective), wo conclude that /i^r is an epimorphism (that is surjective) in 
M'' provided P is a generator in M''. Taking A = Hom''(P, N), the canonical epimorphism 
i^jv : P^^^ —>■ N remains an epimorphism under Hom''(P, — ). 

Now assume aC to be flat. Then K = Ke (fi is a comodule, and we have the commutative 
diagram with exact rows 



0- 



}ioirf{P,K) 0s P- 

UK 





Hom<^(P,p(^))(g)sP- 



p(A) 



■ Hom^(P, N) (8)s P > 

UN 

^0, 



where fj,K is surjective. By diagram lemmata this implies that /zjv is injective (hence an 
isomorphism). 



3.4. Properties of generators. Assume aC to he flat. 

(1) If P generates the (finitely generated) subcomodules ofP^^^\ then, for every P-generated 
C-comodule L, is an isomorphism, and for every N e M'', /zjv is injective. 

(2) P is a generator in M'' if and only if is an isomorphism for any N G M^, i.e., 
every right C-comodule is P-static. 

Proof. (1) Clearly the condition implies that P generates the subcomodules of any direct 
sum of copies of P and bijectivity of /U^ follows from the considerations above. The image of 
/zjv is the trace Tr(P, N) ofPinN (sum of all P-generated subcomodules) and Hom''(P, A'') = 
Hom''(P, Tr(P, A'')). Since ^ti{p,n) is bijective fi^ has to be injective. 

(2) is a special case of (1). □ 

Semisimple right comodules P are defined by the fact that any monomorphism U P 
is a coretraction, that is subcomdules are direct summands. If aC is flat this is equivalent 
to P being a (direct) sum of simple subcomodules and then any direct sum of copies of P is 

semisimple. 

3.5. Semisimple comodules. Let aC be flat, P € M"^ and S = End'^(P). 

(1) The following are equivalent: 

(a) P is semisimple; 

(b) for any set A, End'^(p(^)) is a von Neumann regular ring and, for any N S M'', 
/iAT : Hom''(P, iV) 05 P ^ N is injective; 

(c) for any set A, End'' (P*^^-* ) is a regular ring, and for any L G cr[P], 
fiL ■ Hom''(P, L) 05 P L is an isomorphism. 

(2) If P is finitely generated (in M''j, then the following are equivalent: 

(a) P is semisimple; 

(b) S is a right (left) semisimple ring, and for any N € M'', 
IJ,N ■ Hom''(P, N) 05 P ^ TV is injective; 

(c) S is a right (left) semisimple ring, and for any L s (j[P], 
IJ,L ■ Hom''(P, L) (8>s: P ^ L is an isomorphism. 

(3) The following are equivalent: 

(a) P is simple; 

(b) S is a division ring, and for any N £ M'', /xat : Hom''(P, A^) ®s P ^ N is 
injective; 
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(c) S is a division ring, and for any L G cr[P], Mi ■ Horn'' (P,L) (8)5 P L is an 
isomorphism. 

Proof. (1) (a)=>(b)<;4>(c) For any s e S*, the image and the kernel are direct summands in 
P. This implies that S is von Neumann regular (e.g., |2| 37.7]). Since P^^) is also semisimple 
the same argument shows that End'^(P'^^-') is von Neumann regular. Since P generates all 
submodules of any p(^) the remaining assertions follow from l^.tf l). 

(b)=^>(a) Let C P be any subcomodule and construct the commutative diagram 

^ Hom'^(P, N) ®s P ^ Hom'^(P, P) ®s P Hom'^(P, P/N) ®s P 



^ N ^ P ^ P/N ^ 0, 

in which the top row is exact by regularity of S {sP is flat). Clearly fip/N is an epimorphism 
and is injective by assumption. This implies that fi^ is an epimorphism and hence N is P- 
generated. So there is some epimorphism h : P'"^' — » N. Considering h as an endomorphism 
of P(^), the fact that End'^(P(^)) is regular implies that the image of /i is a direct summand 
in P*^^^ and hence in P (see |9| 37.7]). This shows that P is semisimple. 

(2) The endomorphism ring of a finite direct sum of simple comodules is right (left) 
semisimple and this implies that End''(p('^^) is von Neumann regular. Hence the proof of 
(1) apphes. 

(3) By Schur's Lemma the endomorphism ring of a simple comodule is a division ring 
and again the proof of (1) applies. □ 

Note that assertion (3) is also proved in (21 Theorem 3.1] 

If aC is flat, a generator in M'' is characterized by the fact that all comodules are P-static. 
This suggests the study of comodules P by the classes of P-static modules. Transferring 
observations from module theory we may consider the following cases: 

3.6. Some classes P-static. Consider the following conditions for P e M'': 

(1) All comodules in M'' are P-static. 

(2) The class of P-generated modules is P-static. 

(3) The class of P-presented comodules is P-static. 

(4) The class of injective comodules in M'' is P-static. 

(5) The class of (C, A)-injective comodules in M'' is P-static. 

The first case was handled in 13.41 for aC flat. In module categories the second case 
describes an important property of self-tilting modules; for those an additional projectivity 
condition is required (see |lli 4.2], |^ 4.4]). The third case generalises tilting modules 
(see ^3 4.3]). For a module P, the corresponding property (4) essentially means that all 
P-injective modules in (t[P] are P-static and - if P is a balanced bimodule - this can be 
seen as descending chain condition on certain matrix subgroups of P (see Jl. 5.4], |14p. 
In all these cases the functor Hom''(P, — ) induces equivalences between the P-static classes 
and the corresponding adstatic classes. Properties of these classes correspond to properties 
of the module P. For example, if the class of P-adstatic comodules is closed under inflnite 
coproducts, then P has to be self-smafl, i.e., Hom'^(P, pf'^)) ~ Hom'^(P, P)^'^) . 

If aC is flat, nionomorphisms are injective maps and kernels exist in M'', and hence most 
of the proofs for module categories can be transferred to M''. In particular, if aC is locally 
projective, M'' can be identified with cr[«cC] and the results mentioned immediately apply to 
comodules. Without such restrictions all the properties listed are also of interest and deserve 
to be investigated elsewhere. Here we will investigate the comodules characterised by the 
condition required in (5). 
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4 Galois comodules 

Throughout this section let C be an ^-coring, P eM'^ and put S = End'^(P), T = End a{P)- 
We consider the relationship between the two functors 

-(E)aC and HomA(P, -) ®5 P : -> M'^. 

4.1. Galois comodules. We call P a Galois comodule if the following equivalent conditions 
hold: 



(a) The functors — ®a C and Hom^(P, — ) ®s P isomorphic; 

(b) Homyii(P, — ) (E)s P is right adjoint to the forgetful functor M'' - 
K G and M e M'^ , there is a (bifunctorial) isomorphism 

Hom'^(M, HomA(P, K) 05 P) ^ HoniA(M, K); 



M^, that is, for 



(c) for any K G M^i there is a functorial isomorphism of comodules 

iIk ■■ Hom^(P,/-s:) ®sP ^ K®aC, g ® P ^ {g ® Ic)q^ [pY, 

(d) every (C, A)-injective N e M'' is P-static, i.e., 

fiN ■.UoiifiP,N) C^sP^N, f®p^f[p), 
is an isomorphism (in M^'j. 
Proof. We prove the equivalence of the conditions. 

(a) <^(b) is clear since — ®a C is right adjoint to the given forgetful functor and right 
adjoints are unique up to functorial isomorphisms. 

(b) <^(c) Both functors Hom^(P, — ) ®s P and — ®a C are adjoints of the same forgetful 
functor and hence they are isomorphic. 

(c) ^(d) (see proof of H 18.26]) Assume iV e M"^ to be (C, A)-injective. Then, by gl 
18.18], the canonical sequence 



0- 



HomA(P,A^) 



■Y{omA{P,N ®aC) 



*-Hom'^(P,iV) - 

is (split and hence) pure in M5, where 7(/) = ° f — {f ® Ic) ° ■ Hence tensoring with 
sP yields the commutative diagram with exact rows. 



0- 



■Hom'^(P,iV) 05 P ■ 



N ■ 



■HomA(P,7V) 05 P ■ 



-RomAiP^N ®aC) ®sP 



N®aC- 



iV 0A C 0A C , 





where the fi's are isomorphisms and so is /ijy. 

(d):^(c) Since K ®a C is (C, A)-injective the assertion follows from the commutative 
diagram of right C-comodule maps 



Hom'^(P, K ®A C) 05 P -^-^ K ( 



C 



f(»ph 



fip) 



RomAiP^K) 05 P- 



K®aC {I®e)of®p\ 



■Y.{I®s)o f{po)®pi. 



□ 
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4.2. Properties of Galois comodules. Let P e M'' he a Galois comodule. Then: 

(1) For any {C, A)-injective N G M'', there is an isomorphism 

>'iion.C(PM) ■■ Hom^(P, N) ^ Honi'^(P, Honi''(P, N) P), 

that is, Y{oT[f{P,N) is P-adstatic. 

(2) For any K £ M^, there is an isomorphism 

'^HomMP,K) ■■ Hom^(P, K) ^ Rom^iP, HomA(P, K) ®s P). 

(3) There are right C-comodule isomorphisms 

Honi'^(P, C) ®s -P - C ~ HoniA(P, A) ®s P- 

(4) Since T = End'^(P, P®aC), there is a T-linear isomorphism 

T®sP^P®aC, t®p^{t®Ic)g^{p), and 
P* ®T P ®aC P* ®tT ®s P ~ P* ®s P - C. 

(5) For any K G Myi and index set A, 

Honi'^(P, {K ®A C)^) ®sP- HoniA (P,if)'^ ®s P - ®A C. 

(6) There are isomorphisms 

HomA(C, A) c± HomA(P* ®s P, A) ~ Ends(P*), 
Hom'^(C, P) ~ Honi'^(P* ®s P, P) ^ Honis(P*, S), and 
Hom'^(P ®A C, P) ~ Hom'^(T ®s P, P) - Horns (T, S). 

Proof. (1), (2) follow from the fact that the composition Hom''(P, /^Ar)ot'HomC(p,jv) yields 
the identity. 

(3), (4) Put N ^ C or N = P ®a C in the characterising relations. 

(5) This follows from the fact that the product of A copies of K®aC in M'' is isomorphic 

to (g)A C. 

(6) Apply isomorphisms from (3), (4) and properties of adjoint functors fsee l3.1(l . □ 

4.3. (C, A)-injective modules. Let P be a Galois comodule. 

(1) For N G M'' the following are equivalent: 

(a) N is (C, A)-injective; 

(b) Hom'^(P g^) : Hom'^(P,iV) Hom'^ (P, iV 0^ C) is a coretraction in Ms- 

(2) For P the following are equivalent: 

(a) P is (C, A)-injective; 

(b) the inclusion i : S T is split by a right S-linear map. 

(3) For P the following are equivalent: 

(a) P is strongly {C, A)-injective; 

(b) the inclusion i : S T is split by a {S, S)-bilinear map. 
In this case every P-static comodule is {C, A)-injective. 

(4) For P the following are equivalent: 



12 



(a) P is fully {C, A)-injective; 

(b) C is a coseparable A-coring. 

In this case every comodule in M is P-static and fully {C, A)-injective. 

Proof. (1) By (a), splits in M'' and hence Hom''(P, g^) splits in M5. In turn, (b) 
yields a splitting of by tensoring with — 05 P. 

(2) follow from (1) since T ~ Rom'^ {P,P®aC) as right 5-niodule. 

(3) Bv l^m the inclusion Hom'^(P, P) Hom'^(F, P(E)aC) ~ T is spht as (S, S')-bimodule. 
If P is strongly (C, A)-injective, then for any X G M5, the tensor product is {C,A)- 

injective. So in particular P-static comodules are (C, v4)-injective. 

(4) (a)=>(b) Since P is a subgenerator this follows from l2.lTl 

(b)^(a) Over a coseparable coring all comodules are fully(C, ^)-injective. □ 

Notice that the assertions (2) and (3) in 14.31 are shown in 3, Theorem 7.2] for fg. pro- 
jective ^-modules. The arguments in W can also be adapted to general Galois comodules. 

4.4. Galois comodules under the a-condition. If C satifies the left a-condition, M'^ 
can be identified with the *C-module category o'[*cC] f see 12.411 and Galois comodules may be 
explained in these terms. 

By the ring anti-morphism A ~* *C (see T, 17.7]) any left *C-module has a right ^-module 
structure. It follows from the functorial isomorphisms on for K G M^i, 

HomA(-, X) ~ HomA(*C ®.c ~,K) ~ .cHom(-, Hom^(*C, K)), 

that Hom^(*C, K) is (*C, yl)-injective, that is, injective with respect to short exact sequences 
in •cM which split in M^. Moreover, since the canonical map 

-iK-K^ Hom^(*C,if), k^[f^ fk], 

is A-split by / 1-^ /(s); it follows that a left *C-module K is (*C, ^)-injective if and only if 
jK splits in .cM. For any P G M'' and K G M^, there are morphisms 

llomA{P,K) ~}io-af{P,K (E)aC) .cHom(P, if ®a C) 

Hom(p,a) .^jjom(P,Hom^(*C,if)) ~HomA(P,i4:), 

where i is the inclusion and a is the canonical map from 12.41 It is straightforward to prove 
that the composition of these maps yields the identity on IIom^(P, K). Hence injectivity of 
a implies that Hom(P, a) is an isomorphism and leads to the following statement. 

4.5. Proposition. Let P G M'' be a Galois comodule, assume C to satisfy the a-condition 
and put S = End'^(P) = .cEnd(P). Then for any K G M^, 

.cHom(P, HomA(*C, K))®sP- Hom'^(P, K®aC)®sP -K®a C, 

implying K(g)AC ~ Tr(P, HomA(*C, K)). 

Proof. Combine the observations above with isomorphisms for Galois comodules. Notice 
that Homyi(*C, K) need not be a C-comodulc but the trace of P yields a *C-submodule lying 
in M''. The last isomorphism is a special case of the corresponding observation for modules 
in [ini 20.4]). □ 
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4.6. Semisimple base ring. If the ring A is left semisimple (artinian semisimple), then all 
A-modules are projective and injective and (C, A)-injective comodules are in fact C-injective. 
Moreover, the a-condition is satisfied and M'' corresponds to the category (t[*cC]. In this 
case Galois comodules are just the comodules P for which all injectives in (t[»cC] are P-static. 
Such modules were considered in |12| . 

4.7. Remarks. The ideas outlined in 14.41 can be used as guideline to study modules AI 
of Galois type for module categories over ring extensions B ^ A hy the condition that all 

i3)-injective A-modules are Af -static. 

Notice that so far we did not make any assumptions neither on the ^-module nor on the 
S'-module structure of P. Of course properties of this type influence the behaviour of Galois 
comodules and we look at the S'-module structure first. 

4.8. Module properties of gP. Let P e M'' be a Galois comodule. 

(1) If sP is finitely generated, then aC is finitely generated. 

(2) // gP is Mittag-Leffler, then aC is Mittag-Leffler. 

(3) // sP is finitely presented, then aC is finitely presented. 

(4) // sP is projective, then aC is projective. 

(5) If tP is finitely generated and gP is locally projective, then aC is locally projective. 

(6) If sP is flat, then aC is flat and P is a generator in M.^ . 

(7) If sP is faithfully flat, then aC is flat and P is a projective generator in M''. 
Proof. (1),(2),(3) Putting K = A in l4.2r 6) we have the commutative diagram 

RouiAiP, A)^ ®s P A^ (E)A C 



(HomA(P, A) 0s P)^ — ^ 



aC fin. gen., 
aC ml, 
aC fin. pres. 



where the cp's denote the canonical maps. Then (e.g. 12.9]) 

sP is fin. gen. ipp surjective ipc surjective 

sP is ML ipp injective Lpc injective 

gP is fin. pres. => fp bijective => fc bijective 

Recall that by definition C is Mittag-Leffler (ML) if ipc is injective. 

(4) Let sP be projective. Then T ®s P — P ®a C is projective as left T-module. 
Consider any epimorphism F ^ C where P is a free module in ^^M. Then /p eg) / is a 
splitting epimorphism in tM, and in the commutative diagram with exact rows 



Pi 



F- 



uf'-^p* 



P( 



■c 



c- 



■0 



■0, 



where the first vertical map is the evaluation and the right isomorphism is from I4.2T 4). the 
top row is splitting in and hence / also splits showing that aC is projective. 

(5) Let sP be locally projective. To check local projectivity of aC consider the diagram 
in with fc G N and exact bottom row, 

A^ -^-^ C 



L- 



N 
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Applying P (g)^ — we obtain the diagram 



pfe — — ^ P®aC 



i<»g 



I®! 

P®aL V P(^aN 0. 

Since P (g)AC ~ T (g)s P is a locally projective T-module (by d 42.11]) and tP'' is finitely 
generated by assumption, there is some T-morphism h : P (g)^ C P ®yi L with 

{I f) o h o {Ip (g) i) ^ I ® g. 

Applying P* 0^ ~ and the evaluation map we obtain / o (/p. ®h)oi~g. This shows that 
aC is locally projective. 

(6) We have —®aC — Homyi(P, —)®sP- Clearly Hom^(F, — ) (always) preserves injective 
maps. If sP is flat then — ®g P also preserves injectivity of morphisms and hence — 0^ C 
preserves injective maps, i.e., aC is flat. 

For any M e M'' we have an exact sequence of comodules 

^ M ^ M ®A C ^ M®aC®aC . 

By left exactness of Hom''(P, — ) and — ®s P, we obtain the exact commutative diagram 
^ Hom'^(P, M) ®s P ^ HomA(P, M) ®s P ^ HomA(P, M 0^ C) ®s P 

^ M ^ M C ^ M®aC®aC 

from which we see that the first vertical map is also an isomorphism. This shows that P is 
a generator. 

(7) By (6), aC is flat and P is a generator. Consider any epimorphism / : Af — > iV in 
M''. From this we obtain the commutative diagram 

Hom(P,/)®/p 

Hom^(P, M) ®s P ^ Hom'^(P, N) ®s P ^ 



M ^ N ^ 0, 

where the vertical maps are isomorphisms by 13.41 and hence the exactness of the bottom 
row implies exactness of the top row. Now faithulness of the functor — ®s P implies that 
Hom''(P, /) is an epimorphism and hence P is projective in M''. □ 

4.9. Remark. Notice that the condition tP finitely generated is satisfied if P is a generator 
in M^. For Galois comodules P this is the case provided e : C yl is surjective. 

4.10. Corollary. Let P G M'' he a Galois comodule. 

(1) // (i) sP is projective or 

(ii) sP is locally projective and tP is finitely generated, 
then M'' is equivalent to the full category of subgenerated by the *C-module P , 

i.e., M!^ = a[,cP]- 
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(2) If sP is finitely generated and projective, then M.^ — *cM. 

Proof. (1) Under the given conditions, aC is locally projective (see^2l3),(4)) and M'' = 
it[«cC]. Since P subgenerates C it is a subgenerator in M'' and hence the assertion follows. 

(2) The condition implies that aC is finitely generated and projective and hence M'^ = 
.cM (by a 19.6]). □ 

4.11. Semisimple Galois comodules. Assume aC to be fl,at. For a semisimple right 
C-comodule P, the following are equivalent: 

(a) P is a Galois comodule; 

(b) P is a generator in M.^ ; 

(c) fic '■ Hom'^(P, C) ®s P C is surjective. 

In this case C is a right semisimple coring (and aC is projective). 

Proof. Since P is semisimple it is a generator in (y[P] fsee l3.5|l . 

(a) ^(c) This is trivial. 

(c)=J>(b) Surjectivity of means that C is P-generated. Since C is a subgenerator in M'' 
(see gl 18.13(1)]) this implies a[P] ^ M!^ . 

(b) ^(a) follows fromlCT2). □ 

4.12. Simple Galois comodules. If aC is flat the following are equivalent: 

(a) There is a simple Galois comodule in Is/iP ; 

(b) every non-zero comodule in M*" is a Galois comodule; 

(c) C is homogenously semisimple as right comodule; 

(d) C is right semisimple and all simple right comodules are isomorphic. 

Proof. This follows by the characteriztions of simple right semisimple corings in 19.15] 
and the fact that each non-zero comodule is a generator in this case. □ 



5 Galois comodules f.g. projective as yl-modules 

Some of the results in the preceding section were proved in gl 18.27] for the special case when 
Pa is finitely generated and projective. As already observed (in I3.2|l the latter condition 
provides nice properties of the functor Hom''(P, — ) which will lead to a left right symmetry 
of the Galois comodules. If Pa will be finitely generated and projective we denote a dual 
basis of P by pi, . . . ,p„ G P and tti, . . . , 7r„ G P*. 

5.1. jic splitting in M''. Let P £ M'' with Pa finitely generated and projective and 
S = End''(P). Assume that 

(P* (g)5 P) ^'^ P* ~ P* <^s {P ^'^ P*) 

canonically. Then the following are equivalent: 

(a) The map fic ■ Hom'^ (P,C) (8)sP^C is a splitting epimorphism in 

(b) fic is an isomorphism. 

The condition is satisfied provided P is strongly (C, A)-injective, or Pg is flat, or P* is coflat 
or (C, A)-injective. 
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Proof. We only have to prove (a)^(b). It follows from 13.21 that P* is P-adstatic. By 
assumption, there is a splitting exact sequence in M'', 

^ K ^ Hom'^(P, C) ®s P ^ C ^ . 

Since P* is P-adstsatic bv l3.2r 3'l. applying Hom''(P. — ) yields an exact sequence 

^ Hom'^(P, K) Hom'^(P, Hom^(P, C) ®s P) -^-^ Hom'^(P, C) ■ 

From this we see Horn'' (P, K) = and - since K is a P-generated comodule - this implies 
K = 0. □ 

5.2. Lemma. Let P G M"" with Pa finitely generated and projective. Then the following 
are equivalent: 

(a) C is P-static as right C-comodule; 

(b) C is P* -static as left C-comodule. 

Proof. The canonical map (p : P ^ *(P*), cj){p){f) — f{p) for p G P, / G P*, is bijective 
and the diagram 

P* (E)s P 5® PI ^E.9(PoK 

P*®s*(-P*) 9®h\ ^{Ic(i)h)QP'{g), 

is commutative by the equalities 

(/C ® Hp))9^'i9) = E^i9 ® Ic)Q^ip^)Hp)i^^^) = (9® Ic)e^iE^P^Mp)) ^E9(.Pq)Pi- 

By definition, C is P-static provided the map in the top row is an isomorphism of right 
C-comodules, and C is P*-static as left C-comodule provided the map in the bottom row of 
the diagram is an isomorphism of left C-comodules. □ 

Recall that for any bimodule bPa with Pa finitely generated and projective (with dual 
basis as above), the (A, yl)-bimodule P* ®s P is an A-coring with coproduct and counit 
defined by 

A : P* ®B P ^ (P* ®B P) ®A (P* ®B P), f®P^Ef®P^® ^^ ®P^ 

e:P*®BP^A, f®p^f{p). 
For a Galois comodule this coring is isomorphic to C. 

5.3. Galois comodules with Pa f.g. projective. Let P G M'' with Pa finitely generated 
and projective and S = End''(P). Then the following are equivalent: 

(a) P is a Galois right C-comodule; 

(b) C is P-static as right C-comodule; 

(c) P* is a Galois left C-comodule; 

(d) C is P* -static as left C-comodule; 

(e) fiA ■ P* (®s P C is an A-coring isomorphism. 
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Proof. (a)4^(b) This is shown in T, 18.26]. 

(c)<^(d) The assertion is the left hand version of (a)<^(b). 

(b)<:4>(d) This is proved in 15.21 

(b)<;4>(e) It remains to show that fiA is a coring morphism. Proofs for this are given in 
Proposition 2.7] and ^ 18.26]. With our notation it is seen by the following argument. 
For any p e P and / £ P*, p = J^iPi'^iiP)^ 

ft-Aif ®p) ^Y. f{Po)Pi_ = E fiPiojPiiMp), and 

{jjA ma) o A(/ ® p) = E f{Pio)Pii «) 7r,(po)pi 
= E/(Poo)Poi OPi 

= E/(po)m «)pi2 

= Ao/i^(/(g)p), 

and it is easy to see that e o /i^ = e. □ 

5.4. Remark. It was shown in I4.8r 5'l that for a Galois comodule P £ M'', s'P locally 
projective and tP finitely generated, implies that aC is locally projective. In case Pa is 
finitely generated and projective, gP locally projective implies aC locally projective without 
the additional assumption that tP is finitely generated (see 01 19.7]). 

In the special situation that A is a C-comodule, i.e., there is a grouplike element 5 G C, 
and 5 — End'' (A), it is a Galois (right) comodule ((C, g) is a Galois coring) if and only if the 
map (compare introduction) 

A (^s A ~i C, a® a' ^ ago,', 

is an isomorphism. Under the given conditions, A ®5 A has a canonical coring structure 
(Sweedler coring) and the map is a coring isomorphisms (see 4, 28.18]). 

At various places we have observed nice properties of strongly (C, ^)-injective comodules. 
For Galois comodules this notion is symmetric in the following sense - an observation also 
proved in Theorem 7.2]. 

5.5. Strongly (C, A)-injective Galois comodules. Let P be a Galois comodule with Pa 
finitely generated and projective and S = End'' (P) . Then the following are equivalent: 

(a) P is strongly [C, A)-injective; 

(b) P* is strongly (C, A)- infective ; 

(c) the inclusion i : S T is split by an (5, S)-hilinear map. 

Proof. This follows from 14.31 and symmetry. □ 

5.6. P-static comodules. Let P E M'' with Pa finitely generated and projective and 
assume C to be P-static. Then N G M'' is P-static, provided 

{N ®^ P*) ®sP'^N®^ (P* ®s P) 

canonically. This holds if N is {C, A)- infective, or N — is right exact, or P is strongly 
{C, A) -infective, or P is flat as S-module. 



18 



Proof. The first claim follows by the isomorphisms 

Hom'^(P, N)®sP - {N (E)'^ P*) (g)s P N ^'^ {P* 0s P) ~ N. 
The remaining assertions are derived from 12.1^ □ 

The relevance of the isomorphism in 15. 61 was also observed in (51 Proposition 2.4]. Notice 
that 15.61 shows again - in this special case - that P is a Galois comodule provided C is P- 
static (see 15.311 . and that Galois comodules are generators provided they are flat over their 
endomorphism rings (see 14. 8|) . 

5.7. Equivalences. Let P G M'' be a Galois comodule with Pa finitely generated and 
projective. Then 

Hom'^(P, -) : M'^ ^ Ms 

is an equivalence with inverse functor — §5s P provided that 

(i) P is strongly {C, A)- infective, or 

(ii) P* is (C, A)-injective and sP is flat, or 

(iii) P* is CO flat and sP 'is flat, or 

(iv) C is a coseparable coring. 

Proof. Under each of the conditions (i)-(iii) all right 5- modules are P-adstatic bv 13.21 
and the right C-comodules are P-static bv 15.61 

(iv) For a coseparable coring all comodules are strongly (C, yl)-injective and hence (i) 
holds. □ 

Parts of the preceding theorem are proved in [31 Proposition 7.3]. Here we offer alternative 
proofs and do not require aC to be flat in the first case. 

5.8. Remarks. In 5.. Proposition 5.6], the coring C is required to be coseparable, finitely 
generated and projective as right A-module, and fic : Hom'' (P,C) iSis P ^ C should be 
surjective. These conditions immediately imply that jic splits in M'' and that P* is coflat. 
Hence P is a Galois comodule bv 15.11 and the claim of ,^5, Proposition 5.6] - namely that 
Hom'^(P, -) is an equivalence - follows from 15.71 

5.9. Splitting over a subring of End''(P). Let P G M'' with Pa finitely generated and 
projective, S ~ End'^(P) and B C S a subring. Assume P* to be flat as a right B -module, 
or P to be B-strongly (C, A)-injective. Then the following are equivalent: 

(a) The canonical map pi'^ : Hom'^ (P,C) ®bP is a splitting epimorphism in M''; 

(b) P* is a Galois comodule and is {S, B) -projective as right module. 

Proof. (a)=>(b) Cotcnsoring with — P*, /i^ yields the splitting epimorphism in Ms, 

P* ®bS^ (P* ®b P) ®^ P* P* ^P*, 

where the first isomorphism is due to the conditions on P* or P fsee l2.14|l . This shows that 
P* is (5, P) -projective (see pTOJ 20.3]). In particular, P* is flat as 5'-module. 

Furthermore, /i^ factors over a splitting epimorphism /ic : Hom'' (P,C) — > C in M''. By 
Gorollarv l5.1l this implies that /ic is an isomorphsm, i.e., P is a Galois module. 

(b)^(a) By assmption, the map P* ®b S ^ P* splits in Ms. Since P* (hence P) is a 
Galois comodule, tensoring with — ®s P yields a splitting comodule epimorphism 

P* ®bP ^ P* ®B S®sP P* ®sP - C. 

□ 
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5.10. Remarks. (1) In case A is an algebra over a field (or a commutative von Neumann 
regular ring) B, then in l5.9l P* is always a flat _B-module and the assertion yields 3, Theorem 
4.4] as a special case. 

(2) As pointed out in the introduction entwining structures can be considered as corings 
and hence the assertions in 13 . 21 and 14 . 31 may be compared with Lemma 4.1 and Remarks 4.2 
and 5.3 in 8 . Furthermore, the splitting properties considered in 15. 91 are related to Remark 
4.4, Theorem 2.2 and results of Section 5 in [S]. 

6 Direct sums of f.g. projective ^-modules. 

For the investigation of direct sums of modules the following technical observation is helpful. 
For a direct sum of modules P — Pa , denote by e\ : P\ ^ P and ttx : P ^ P\ the 
canonical injections and projections. Recall that the identity of P can be written as the 
formal sum o tt^. 

6.1. Lemma. Let P = ®^ -Pa be a direct sum of right A-modules and S C End^(P) a 
subring containing e\ o ttx, for each A G A. Then, for any K £ M^, 

Hom^(P, K)(^sP- (©A HoniA(PA, if)) ®s P- 

Proof. Clearly the inclusion (0^ ^omA{P\jK)) ®s P Hom^(P, K) ®s P is injective. 
To see that it is surjective take any / € Hom^(P, K), p ^ P, and write 

/®p = /(g)(^^e^o7rA(p)) ==EA/°eA0 7rA«)p, 

where f o e\o n\ £ Homyi(P, K) and f o e\ £ IloinA{P\, K). □ 

With this isomorphism the special structure of comodules that are finitely generated as 
A-modules can be extended to direct sums of modules of this type. 

6.2. P* (8)5 P as left comodule. Consider a family {Pa}a of comodules Pa G M'' such 
that each Pa is finitely generated and projective as A-module. Then P = ®\P>. is in 

Since all P^ are left C-comodules, their direct sum ©^ P^ is a left C-comodule. For 
S = End^(P),EI] yields the identification P* ®5 P ~ (0^ P^*) (S)s P which makes P* ®s P 
to a left C-comodule. 

The following are equivalent: 

(a) C is P-static as right C-comodule; 

(b) C is P^-static as left C-comodule. 

Proof. Applving 16 . II repeatedlv yields isomorphisms 

P*^sP ^ (0a^a*)®s(0a^a) 

^ (0A^A*)®S(0A*(^A*)) 

^ (0a^a*)®s*(0a(^a)*). 

With this isomorphisms the proof of 15. 21 applies. □ 

The construction of corings for finitely generated projective A-modules can also be ex- 
tended to direct sums of modules of this type. 

6.3. Coring structure on direct sums. Consider a family {5;^Pa}a of (S'a , A)-bimod- 
ules that are finitely generated and projective as right A-modules with dual basis px- G Pa, 
Tr\. G P{. For each A G A we have corings with coproducts 

4a : ^A* ® 5. -Pa ^ Pa* ® -Pa ® a Pa* -Pa , /a «> Pa ^ E^ / ® Pa, «> tta, p, 
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and the evaluation as counit. 

Put P = P\ and Sa — 5a. Then Sa is a ring without unit and P is a left Sa 
module by componentwise multiplication. This means in particular that we can identify 

®5. Px - Px ®S. P, 

and so, by the universal property of the coproduct, the A;^^ yield an {A, yl)-bilinear map 

A ■■ (©A P^) <»S^ P-^P* ®Sa P ®A P* ®Sa P- 

Bv l6.ll we may assume P* ®Sa P — (® a P\)®Sa P ^'^'^ thus A defines an A-coring structure 
on P* ®Sa P with the evaluation as counit. By construction, P* ®Sa P isomorphic to the 
coring coproduct 0a -Pa ®Sa P\- 

For any subring S — End^(P) which contains 5a, there is a canonical epimorphism 
(3 : P* (E)Sa P ^ P* (E)s P and we have the maps 



■ P* ®Sa P ■ 



P* ^Sa P ® a P* 



P* 



P- 



A' 



^P* ®SP ®A P* ®S P, 



where A' exists provided Ke /? C Ke (/3 (8) /3) o A. To show this take any / (8)5^ p £ P* ^Sa P 
such that J2i f '^S Pi ®A T^i'S'sP = 0. Then = / ®S PiT^iip) = f ®sP proving that 
/ ®s P G Ke /3. ft is easy to see that a similar argument works for finite sums of elements of 
the form f This shows that our condition on Ke {3 is satisfied and that A' exists making 
P* ®s P an ^-coring with the evaluation map as counit. 

The coring structure on P* (8)5 P as given here was introduced in [J] (along a different 
line of arguments) and these corings are called infinite comatrix corings there. 

With this preparation we are now able to extend the characterization of Galois comodules 
which are finitely generated and projective to those which are direct sums of such comodules. 

6.4. Pa direct sum of f.g. projectives. Consider a family {Px}a of C -comodules that 
are finitely generated and projective as right A-modules (with dual basis as in \6. S\} and put 
S\ — End'' (Pa). Then for P — 0^ Pa o.nd S — End''(P), the following are equivalent: 

(a) P is a Galois right C-comodule; 

(b) C is P -static as right C-comodule; 

(c) 0^ P^ is a Galois left C-comodule; 

(d) C is P^-static as left C-comodule; 

(e) fiA '■ P* ®s P ^ C is an A-coring isomorphism. 

Proof. (a)<^(b) One implication is trivial. Assume C to be P-static. Then for any 
K G Myi, the isomorphisms from l6.ll vield 

HomA(P,i^)®s-P - ®j^MomA{Px,K)®sP 

- ®aK®aP{®sP 

- K®a{®aP*x)®sP 
K®aP* ®sP -K®aC. 

Now the assertion follows from 14. if c). 

(c)<^(d) is the left hand version of (a)<;^(b). 



21 



(b)^(d) This is shown inIO 

(b)<;=^(e) It remains to show that jiA is a coring morphism. As mentioned in the proof 
of 15.31 the maps P{ (SiSx P\ ^ C are coring morphisms. Hence P* ®Sa -P — > C is a coring 
morphism and so is the factorisation P* P ^ C. Notice that this is also proved in [7| 
Lemma 3.7]. □ 

For any module M that is a direct sum of finitely generated modules it is convenient 
to consider the functor Hom(M, — ). This is, for example, outlined in |9i Section 51] and a 
straightforward transfer of the related notions to comodules yields the following. 

6.5. The functor Hom'^(P, -). G iven P — 0^ P\ as a direct sum of comodules that are 
finitely generated as A- modules, consider the morphisms for N G M'', 

Hom^(F, N) = {f e Hon/(F, N)\f{Px) = for almost all A G A}. 

Then S = Hom'' {P, P) is a subring - in fact a left ideal - in S* = End'' (P) with enough 
idempotents. This induces a functor 

Hom'^(P, -) : ^Mg 

where Mg is the category of all right 5- modules X with XS = X. There is a functorial 
isomorphism Hom''(P, — ) ~ Hom''(P, — ) (E)s S yielding the isomorphisms 

Hom^(P, TV) ®g P ~ Hom'^(P, A^) ®s 5 ®§ P ~ Hom'^(P, N) ®s P, 

and hence A^ is P-static if and only if Hom'^(P, A^) ®g P ~ A^. 

If the P\ are finitely generated and projective as A-modules, then 

HomC(P, -) :^ 0^ Yiouf{Px, -) ^ - (0^ P*x). 

So in this case the functor — (g)'' (0^ P^) is right adjoint to the functor — ®sP (thus yielding 
|71 Proposition 4.5]). 

6.6. P-static comodules. Let P = 0^^ Px where the P\ G M'' are finitely generated and 
projective as A-modules and assume C to he P-static. Then N G M'' is P-static, provided 

(N 0A P;) ®s ^ - A^ (Ba Px P) 

canonically. This holds if N is {C, A)-injective, or N — is right exact, or the P\'s are 
strongly (C, A)-injective, or P is flat as S-module. 

Proof. The first claim follows by the isomorphisms 

HomC(P,Af) ®gP - {Qi^Yioxif{Px,N))®sP 

- ®f,{N®^ Pl)®sP 

- Af®C(0^p*^^p) ^ TV. 

The remaining assertions are derived from 12.1'^ □ 

6.7. Equivalences. Let P ~ 0^ Px be a Galois comodule, where the Px G M'' are finitely 
generated and projective as A-modules. Then 

Roiif{P,~) : M'^ 

is an equivalence with inverse functor — (^s P provided that 



22 



(i) P is strongly {C, A)-injective, or 

(ii) each is {C, A)-injective and 5P is flat, or 

(iii) each P^ is coflat and 5P is flat, or 

(iv) C is a coseparable coring. 

Proof. The same arguments as for the proof of 15. 71 apply. □ 

By the isomorphisms Hom''(P, — ) ~ — P*, P* is coflat if and only if P is projective in 
M''. Hence, bv l4.8l the condition (iii) in 16. 71 implies that aC is flat and that P is a projective 
generator in the Grothendieck category M''. With familiar arguments from module theory 
(see 51.11]) this situation can be described in the following way. 

6.8. Projective generators in M''. Let P = @j^Px, where the P\ G M"^ are finitely 
generated and projective as A-modules. Then the following are equivalent: 

(a) aC is flat and P is a projective generator in M.^ ; 

(b) P is a Galois comodule and 5P is faithfully flat; 

(c) aC is flat and Hom'^(P, - ) : M'^ ^ Ms is an equivalence; 

(d) aC is flat and - (g)g P : Mg M'^ is an equivalence. 

Notice that similar characterisations are also proved in '7. Theorem 4.7]. 

Finally we ask when C is a right Galois comodule. For this recall that End''(C) ~ C* and 
that - in our notation - C* acts on C from the right. Then the evaluation map 

He -C^c' Hom'^ (C,C) 

is an isomorphism and hence we conclude from 14.51 15.31 and 16.41 

6.9. C as Galois comodule. 

(1) If Ca is finitely generated and projective, then C is a Galois right C-comodule, C* is a 
Galois left C-comodule, and K ^a C ~ 11oib.a{*C, K), for any K G Myi. 

(2) If C = C\ with right subcomodules C\ that are finitely generated and projective 
as right A-modules, then C is a Galois right C-comodule and ®a'^a Galois left 
C-comodule. 

Notice that in (2) C* is not a left C-comodule unless the sum is finite (finiteness theorem, 
^ 19.12]). For further properties of C as Galois comodule we refer to Section 7]. 

Acknowledgement. The author is very grateful to Tomasz Brzezinski for an inspiring 
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